The nonlinear interaction of intense linearly polarized electromagnetic waves (EMWs) with longitudinal electron density perturbations is revisited in relativistic degenerate plasmas. The nonlinear dynamics of the EMWs and the longitudinal field, driven by the EMW ponderomotive force, is governed by a coupled set of nonlinear partial differential equations. A numerical simulation of these coupled equations reveals that the generation of wakefields is possible in weakly relativistic degenerate plasmas with R0 ≡ pF /mc ≪ 1 and vg/c ∼ 1, where pF is the Fermi momentum, m is the mass of electrons, c is the speed of light in vacuum, and vg is the EMW group velocity. However, when the ratio vg/c is reduced to ∼ 0.1, the wakefield generation is suppressed, instead the longitudinal fields get localized to form soliton-like structures. On the other hand, in the regimes of moderate (R0 1) or strong relativistic degeneracy (R0 > 1) with vg/c ∼ 0.1, only the EM solitons can be formed.
I. INTRODUCTION
The theory of generation of wakefields has reached a significant milestone in plasmas since it was first introduced by Tajima and Dawson [1] more than three decades ago. This mechanism has been useful for not only its fundamental importance, but also its applications to particle acceleration schemes. When an intense electromagnetic (EM) pulse propagates in a plasma, it induces a longitudinal plasma oscillations (wake) behind the pulse driven by the EM wave ponderomotive force. Electrons are then trapped into the wake and accelerated to extremely high energies (GeV-TeV). Recently, a large interest has been devoted to the generation of wakefields in plasmas both theoretically [2-11, 13, 20] and experimentally [14] [15] [16] , where a laser pulse traveling close to the speed of light in vacuum (c) is considered as an effective source for particle acceleration. In this context, a number of alternative schemes including the use of proton bunches for driving plasma wakefield accelerators has also been proposed (See, e.g., Refs. [17] [18] [19] [20] [21] [22] ).
Previous investigations [10, 11, 20, 23] indicate that besides the wakefield generation, various other nonlinear phenomena including the formation of coherent structures can be observed due to the nonlinear interaction of intense EM waves (EMWs) with plasmas. If the pulse size is long compared to the skin depth, wakefield generation is not so pronounced. The plasma number density also plays an important role in the transition from wakefield generation to soliton formation [24] . It has been reported by means of one-dimensional (1D) particle-incell (PIC) simulation that whenever plasma density approaches a critical value, EM pulse undergoes nonlinear self-interaction and eventually soliton-like structures are formed [24] . In Ref. [23] , the theory of the formation of solitons in underdense plasmas has been studied using * apmisra@visva-bharati.ac.in, apmisra@gmail.com 1D PIC simulation. Nonlinear 1D relativistic solitons were studied analytically in Refs. [25] [26] [27] and numerically in Refs. [28, 29] . The formation of EM solitons and their properties have also been studied in a number of other works [30] [31] [32] [33] . It has been shown in Refs. [34, 35] that the the relativistic degeneracy of electrons can significantly modify the dispersion properties of EM waves and profiles of nonlinear coherent structures. However, in these works the authors have considered the degeneracy of electrons in two particular limits: weakly relativistic and ultra-relativistic degeneracy. While these works and the present work have similarities at some particular considerations of two relativistic degeneracy limits, however, our theory is applicable to arbitrary degeneracy of electrons as well. Furthermore, the aim of the present work is to present some theoretical results for the generation of wakefields and their transition to EM solitons, as well as the formation of EM solitons which are distinctive to the results of Refs. [34, 35] .
In this paper, we consider the excitation of wakefields, their transition from the wakefield generation to the formation of soliton-like structures, as well as the formation of EM solitons using the same relativistic fluid model as in Ref. [36] . Our starting point is the nonlinear coupled equations for the EMW field and the density perturbations of low-frequency electron plasma oscillations that are reinforced by the EMW's pondermotive force. We solve these equations numerically to study the competing mechanisms between the wakefield generation and the localization, as well as the formation of EM solitons. It is shown that both the relativistic degeneracy parameter R 0 and the group velocity v g of EMW play crucial roles for the generation of wakefields and the formation of solitary pulses.
II. RELATIVISTIC FLUID MODEL AND EVOLUTION EQUATIONS
Our basic assumption is that plasma comprises relativistic degenerate electrons and stationary ions, and plasma interacts nonlinearly with intense EMWs. We also assume that the finite amplitude linearly polarized EMW propagates in the z-direction, i.e., all the field variables are functions of z and t. In the dynamics of relativistic degenerate electrons, we include the weakly relativistic effects on the particle motion in the EMW fields, but fully relativistic effects on the particle thermal motion. Thus, the z-components of the relativistic 1D fluid equations are [36] d dt
and the transverse or x-component of the EMW equation, given by,
is
where n is the electron number density with n 0 denoting its equilibrium value (i.e., the constant density of the neutralizing background) and n l ≡ nγ the density in laboratory frame, e is the elementary charge, m is the electron mass, v z is the parallel component of the electron velocity v, c is the speed of light in vacuum, H = E +P is the enthalpy per unit volume measured in the rest frame of each element of the fluid in which E = mnc 2 +ǭ is the total energy density withǭ denoting the internal energy of the fluid and P is the degeneracy pressure of elec-
is the vector potential and φ(z, t) is the scalar potential given by the transverse and longitudinal components of the electric field, i.e., E x (z, t) = −∂A x (z, t)/c∂t and E z (z, t) = −∂φ(z, t)/∂z. Furthermore, v x = A x enc/γH is the quiver velocity and γ is the relativistic factor, given by, [36] 
The relativistic degeneracy pressure P and the total energy density E of electron fluids are given by [37] (P,
where = h/2π is the reduced Planck's constant, R = p F /mc = 3π 2 n 1/3 /mc is the dimensionless degeneracy parameter, and H ≡ P + E = nmc 2 √ 1 + R 2 . Equations (1) to (3) constitute the basic equations for the description of low-frequency electron plasma oscillations that are driven by the EMW pondermotive force and these equations are coupled to the EMW equation (5) . Next, we derive a set of reduced equations from Eqs. (1) to (3) and (5) for the slow motion approximation of relativistic dynamics of electrons, i.e., when
Here, we note that instead of considering the longitudinal component of the EM wave equation (8), i.e.,
we consider the Poisson equation (3), because the electrostatic potential φ, associated with the electric field E z , is created due to the density variations of charged particles. In fact, Eq. (8) is consistent with the estimates for the density perturbations n 1 (n = n 0 + n 1 , n 1 ≪ n 0 ) and potential φ. We also assume that enA x /H ∼ o(ǫ) for which the quiver velocity, v x /c ∼ o(ǫ), and Eqs.
(1) and (8) (3) and (5) about the equilibrium state, i.e., n l ≡ nγ = n 0 + N, H = H 0 + H 1 etc., and normalizing the physical quantities according to
and ω p = 4πn 0 e 2 /m (For details, readers are referred to Ref. [36] ), we obtain the following coupled equations for low-frequency electron density perturbations that are driven by the EM wave ponderomotive force and the EM wave field [36] .
where α = η 2 /2, δ = (1 − η 2 )/3 and η = 1/ 1 + R 2 0 and R 0 = 3π 2 n 0 1/3 /mc is a measure of the strength of plasma degeneracy, i.e., R 0 ≪ 1 corresponds to weakly relativistic degenerate plasma, whereas R 0 ≫ 1 is refereed to as ultra-relativistic degenerate plasmas.
III. RESULTS
In this section we study the excitation of wakefields, their transition into the formation of localized structures, as well as the formation of EM solitons by solving Eqs. (9) and (10) numerically. The results will be presented in subsections III A to III C. We look for solutions in a moving frame of reference, given by, ξ = z − v g t and τ = t − v g z, where v g stands for the group velocity and 1/v g the phase velocity of the EMW respectively. We assume that the vector potential A is of the form A = a(ξ) exp(−iωτ ) and N depends only on the variable ξ.
Here, a is a real function of ξ and ω the wave frequency. Thus, Eqs. (9) and (10) reduce to
It is not an easy task to find an analytic solution of Eqs. (11) and (12), however, we can numerically solve these equations by Newton's method with the boundary conditions N, a, dN /dξ and da/dξ → 0 as ξ → ±∞. We note that these equations are reversible under the transformation ξ → −ξ, N → N and a → ±a. So, one can look for the symmetric solutions for N , while either symmetric or antisymmetric for a.
A. Generation of wakefields
We consider the excitation of wakefields by the EM wave driven ponderomotive force. For a Gaussian driving pulse of the form a ∼ a 0 exp −ξ 2 /L 2 p , where L p is the size of the driving pulse, the driver is resonant for k p L p = √ 2, and in units of time √ 2/ω p . For the generation of wakefield, the driving pulse size must satisfy L p < λ p ∼ c/ω p , the typical wavelength of plasma oscillation. However, the dispersive effect (∼ δ∂ 2 /∂z 2 ) in Eq. (9) can forbid the generation of wakefields due to some finite values of the degeneracy parameter R 0 . Typically, the parameter δ involves the two dispersive effects due to (i) the charge separation of plasma particles (Poisson equation) and (ii) the gradient of relativistic degeneracy pressure (∝ R 0 ). The latter with R 0 = 0 corresponds to the classical cold plasma limit where the dispersive term (∝ δ) in Eq. (9) disappears. So, values of R 0 ≪ 1 for which δ ≪ 1 may favor the generation of wakefields. In a frame moving with the constant group velocity v g of the EM pulse, the similar phenomenon can also occur, i.e., the generation of wakefields is also possible for v g ∼ c and R 0 ≪ 1 (or δ ≪ 1), i.e., in the weakly relativistic degenerate plasmas. Figure 1 shows the profiles of the longitudinal oscillations of the electron density perturbation [subplots (a) and (c)] and the perturbed EM wave field [subplots (b) and (d)]. It is seen that the electron density perturbation has a pure weakfield nature [subplot (a)], i.e., after the peak of the EM pulse [subplot (b)], harmonic oscillations are generated with pick amplitude of the pulse ∼ 10 −5 .
The generation of such wakefields occurs at a lower amplitude of the driving pulse, i.e., a 0 ∼ 0.01 together with the group velocity close to c, i.e., v g ∼ 0.9 (in dimensionless), and with a lower value of the degeneracy parameter R 0 = 0.005 which corresponds to a regime with n 0 = 7.33 × 10 28 m −3 , and the structure of the wakefield is retained for R 0 ∼ 0.01 and 0.67 ω < 1 as well for a fixed pulse size L p = 0.1.
The generation of wakefields also occurs in some other parameter regimes with 0.01 R 0 0.014, v g = 0.43, L p = 0.1, and ω = 0.82. However, as the value of R 0 increases from R 0 = 0.005 to R 0 = 0.05, i.e., one enters from relatively low-to high-density regimes with n 0 = 7.33 × 10 31 m −3 or the value of v g is further lowered, the wakefield generation is suppressed [see subplot (c)] due to the dispersive effects which become significant for R 0 > 0.01. Here, as the value of R 0 increases, the magnitude of 1 − δ decreases, and so, from Eqs. (11) and (12), the contributions from the nonlinear terms ∝ (1−δ) becomes lower compared to the dispersive terms ∝ (v 2 g − δ) and (1 − v 2 g ). Thus, it follows that a transition from dispersive to non-dispersive pulses (wakefields) occurs when the group velocity of the EM wave is close to c and electrons are weakly relativistic degenerate [24] . Such a lower value of the degeneracy parameter R 0 or the number density n 0 and higher value of v g (∼ c) is a consequence to the fact that v g depends on the plasma number density [24] , i.e., dω/dk ≡ v g = k/ω = 1 − 1/ω 2 , i.e., in dimensional form, v g = c 1 − ω 2 p /ω 2 , which can be obtained from the linear dispersion relation of Eq. (10) . An estimate of the amplitude (a 0 ) dependence of v g can also be obtained by replacing n 0 by n l0 /γ 0 as [24] v g = c 1 − n l0 /n c γ 0 , where γ 0 = 1 + a 2 0 and n c = mω 2 /4πe 2 is the critical number density above which a transition from the wakefield generation to the soliton formation can take place. Thus, for a fixed value of a 0 , higher values of v g close to c correspond to the lower density regimes (i.e., far below the critical density n c ). As one goes from the regimes of weak to strong relativistic degenerate plasmas by increasing the values of R 0 or the plasma number density, the dispersive effect dominates over the nonlinearity. The amplitude of the wakefield gradually decreases, and it tends to vanish for sufficiently large values of the degeneracy parameter R 0 .
B. Transition from wakefield generation to soliton formation
We note that by retaining the degeneracy parameter in the domain 0 R 0 0.01 and the EM wave frequency in 0.67 ω < 1 with a fixed pulse size L p = 0.1 [cf. Fig. 1 ], as the value of the group velocity v g is reduced from 0.9 to 0.1, the dispersive terms in Eqs. (11) and (12) again become dominant over the nonlinearities, and eventually a soliton-like structure forms in the plasma (Fig. 2) , i.e., the wakefield generation is no longer possible. Now, if we gradually enter from the regime of weak to strong relativistic degenerate plasmas by increasing the value of R 0 (lower panel of Fig. 2) , the number of oscillations decrease together with a reduction of the wave , v g = 0.9, L p = 0.1 and a 0 = 0.01. The wakefield generation is suppressed for R 0 > 0.01, i.e., the structure of the wakefield is retained for 0 R 0 0.01, v g = 0.9, L p = 0.1, and 0.67 ω < 1. The generation of wakefield also occurs in some other parameter regimes with 0.01 R 0 0.014, v g = 0.43, L p = 0.1, and ω = 0.82 (not shown in the figure) .
amplitudes. Since we have noticed that the generation of wakefield also occurs in some other parameter regimes with 0.01 R 0 0.014, v g = 0.43, L p = 0.1, and ω = 0.82, reducing the value of v g from 0.43 to 0.1, keeping all others unchanged, can also lead to the localization of longitudinal waves similar to Fig. 2 .
C. Generation of EM soliton
In this subsection, we consider the generation of EM solitons by solving Eqs. (11) and (12) with higher values of the wave amplitude a 0 and the degeneracy parameter R 0 . Before proceeding to the numerical solutions, we first look for some analytic solution of these equations in some particular cases of interest. Thus, linearizing Eqs. (11) and (12) in the limits of N ≪ 1 and a ≪ 1, we obtain
Then, looking for a solution of the form ∼ exp(λξ), it is found that Eq. (13) has either two real or two purely imaginary eigenvalues λ 2 N = 1/(δ − v 2 g ) according to when v g ≶ √ δ, and Eq. (14) has either two real or two imaginary eigenvalues λ 2 a = 1/(1 − v 2 g ) − ω 2 depending on whether ω 2 is smaller or larger than 1/(1 − v 2 g ), respectively. Thus, EM soliton solution can be found for
Within the quasineutrality approximation, i.e., N ≈ 1, Eq. (12) reduces to
which has a single humped pure solitary solution of the form
We note that both the amplitude and width of the single hump EM soliton, given by Eq. (16) , depend on the degeneracy parameter R 0 through δ and α, the soliton frequency ω and the velocity v g . It is seen from Fig. 3 that as R 0 increases, i.e., as one goes from the regimes of weak to strong relativistic degenerate plasmas (by increasing the number density), both the amplitude and width of the soliton a increases (see the solid lines). However, the amplitude decreases, but the width increases with increasing values of the EMW frequency ω. It is also observed that the amplitude of the soliton attains its minimal value in the regimes of weakly relativistic degenerate plasmas with R 0 ≪ 1. One can also look for pure EM solitons by increasing the pulse amplitude a 0 = 0.3 and the degeneracy parameter R 0 = 0.57, however, reducing the group velocity v g = 0.2, keeping all other parameters unchanged, i,e., ω = 0.78 and L p = 0.1, so that a delicate balance between the nonlinearity and dispersion takes place. Figure 4 shows the profiles of the EM (16) is shown against the spatial variable ξ for different values of the relativistic degeneracy parameter R 0 and the EM soliton frequency ω, and for a fixed v g = 1.1. It is seen that both the amplitude and width of the soliton increase with increasing values of R 0 . However, for increasing values of ω, the amplitude decreases but the width of the soliton increases.
solitons and relativistic electron density perturbation for different values of a 0 , R 0 and ω. We note that single hump solitons exist at higher values of the pulse amplitude a 0 and the degeneracy parameter R 0 [subplots (b) and (c)], and the electron density depletion (hump) is associated with the (hump) dip shaped profiles of the EM solitons. It is also seen that while the amplitudes of the profiles increase with increasing values of a 0 and ω, those decrease with increasing values of R 0 .
IV. CONCLUSION
Starting from a relativistic fluid model [36] and reducing those into a set of coupled equations for EM wave field and electrostatic density perturbations, we have in-vestigated numerically the generation of wakefields and their transition into the formation of soliton-like structures, as well the formation of EM solitons in degenerate dense plasmas. Numerical simulation reveals that the generation of wakefields by low-amplitude (a 0 ∼ 0.01) EM pulses is possible in relatively low-density plasmas, i.e., when the degeneracy parameter R 0 is in the domain 0 < R 0 0.01 and the group velocity of EM waves approaches the velocity of light in vacuum c, i.e., v g ∼ 0.9, and for a fixed pulse size L p ∼ 0.1 and frequency in the regime 0.67 ω < 1. Such wakefileds can also be generated in relatively high-density regimes where 0.01 R 0 0.014, but v g is relatively low, i.e., v g ∼ 0.43 and with a fixed L p ∼ 0.1 and ω = 0.82. If the plasma number density is relatively high by increasing the degeneracy parameter, say R 0 ∼ 0.04, the wakefield generation 11) and (12)] is shown for different values of a 0 , R 0 , ω and v g : (a) a 0 = 0.3, R 0 = 0.57, ω = 0.78, v g = 0.2 and L p = 0.1; (b) a 0 = 0.5, R 0 = 0.57, ω = 0.78, v g = 0.2 and L p = 0.1; (c) a 0 = 0.5, R 0 = 0.6, ω = 0.78, v g = 0.2 and L p = 0.1; (d) a 0 = 0.5, R 0 = 0.57, ω = 0.4, v g = 0.2 and L p = 0.1. The solid and dashed lines correspond to the soliton solutions for N and a respectively.
can be suppressed unless the pulse amplitude is further increased, i.e., a 0 ∼ 0.3. Meanwhile retaining the degeneracy parameter R 0 in the regime 0 < R 0 0.01 together with 0.67 ω < 1 and L p = 0.1, if we decrease v g from 0.9 to 0.1, the plasma density perturbations get localized with a train of oscillations. The number of oscillations get reduced with an increased value of R 0 . Such a reduction of the group velocity for the localization of solitonlike structures corresponds to the density enhancement as evident from the linear dispersion relation. Furthermore, we have seen that the parameter regimes for which the instability of EM solitons (Fig. 2) can be avoided are 0 < ω 1, 0 < v g 0.5 and R 0 0.05. However, the detailed discussion on soliton stability is left for a future work.
We have also studied the formation of EM solitons in relativistic degenerate dense plasmas. When R 0 is increased further, say R 0 ∼ 0.57 together with the pulse amplitude a 0 ∼ 0.3 and v g remains low at v g ∼ 0.2, keeping other parameters, namely ω = 0.78 and L p = 0.1 as fixed, the true soliton formation eventually occurs for both the longitudinal and transverse perturbations in which the density dip (hump) is found to be correlated with the hump (dip)-shaped EM solitons.
To conclude, the inclusion of ion dynamics in relativistic solitary waves can change the picture drastically. In this case, two types of solitons (high-and low-frequency) may coexist together with the possibility of soliton breaking [23] . The latter can provide a new mechanism for both ion and electron accelerations in the nonlinear interaction of high-intensity EM waves with relativistic degenerate plasmas. Though, to our knowledge, experiments have not been done, especially in high-density relativistic degenerate plasmas, the present laser-plasma interaction model and the results could help next-generation lasers access unexplored regimes in relativistic plasmas and test some exotic predictions of the models. Thus, one can explore the mysteries of astrophysical objects, including interior of white dwarfs and magnetars, and uncover the dynamic interaction of inner shell degenerate electrons with highly ionized, heavy nuclei. Furthermore, the excitation of wakefields and the formation of solitons may be significantly altered in presence of an external magnetic field [38] in relativistic degenerate plasmas. However, these are issues for future research works and may be reported elsewhere.
